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Abstract - This article is devoted to the study of the decoherence of the interface (matrix fibre) in a heterogeneous material in which we 

analyze the evolution of separation. The problem consists, in this case, studying the behavior of the crack locally. This local study is 

more significant as the parameters influencing in the mechanisms of rupture can be determined in the methods of composition and 

development of heterogeneous materials. In addition, it gives us the opportunity to present a numerical technique using the integral 

equations of borders and to show its performances compared to the finite element method. We note that the use of the finite element 

method does not enable us to reach this precision, for the reasons related to the refinement of the grid. Generally, the analytical solutions 

compare satisfactorily well to the cohesive finite element calculations and experimental data in the literature. The interest that we carried 

to the comparison of the displacements obtained by the two methods has as an aim the validation of our results, in order to go up with the 

constraints meadows of the point of crack and to be able to calculate the factors of stress intensity. We noted that the examination on a 

small scale of the deformation at a peak of crack shows the high degree of accuracy in which the grid by elements of border allows 

compared with the grid by finite elements that requires to use elements of more reduced size. 
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1. Introduction 

his work is devoted to study one of the principal 

tasks in developing crack criteria in long fibre 

reinforced composites material. 

 

These composite materials must show excellent thermal 

conductivities as well as they should be able to keep its 

original shape and strength when subjected to thermal and 

mechanical loads. Composite materials are used 

extensively in aerospace and more recently in automotive 

applications.   Their high mechanical performances and 

good fatigue durability offer definite advantages compared 

to more traditional materials. 

 

The interfacial area between the fiber and matrix has a 

prime importance in the characterization of composite 

materials and their performance, as it ensures the load 

transfer between the fibers and matrix and provides 

materials with a high mechanical performance [15]. 

The stress and strain concentration can occur near the 

interface between the fibers and the matrix and cause 

damages such as interface debonding, formation of micro 

voids or micro cracks in matrix. Because the occurrence of 

these damages are depeudent greatly on micro stress and 

strain fields, thus  the rnicromechanics is of special interest  

 

in mechanic analysis of composites [20].  In composite 

materials, the damage is completely different; this is due to 

the heterogeneity of the material, as the matrix and fibers 

have different mechanical behaviors.  The distribution of 

the micro-strains induced by a total load of traction of one-

way composite results from a synergy between fibres and 

the matrix. Indeed, the matrix is not used solely for 

dependent fibres between them, but it also takes part in the 

rigidity of the whole of the composite. It protects fibres 

from external pressures and deteriorations likely to start 

possible cracking . The load transfer mechanism between 

the matrix and the fibre interface behave an important role 

in determining the mechanical properties of fibre-

reinforced composites [ 12, 14, 20, 24].  Performance of 

the composite materials depends on a good adhesion at the 

interface, between fibre and matrix. 

 

The studies which we already carried out showed that the 

concentration and the discontinuity of these micro-strains 

at the zone of interface [ 1, 2, 3, 4 ].    Moreover, it is well-

known that the basic components (matrix - fibres) often 

present defects of cracking created during the development 

or by damage under the effect of the external requests.  

This phenomenon explains the fact that the interfaces 

between the components exploit a paramount role the 

macroscopic mechanical behavior of the composites. It 

then becomes necessary to carry out a local study allowing 
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the analysis of the mechanical behavior of these zones, 

where the concentrations of the constraints can be critical 

with respect to the resistance of the composite structures. 

  

It poses the problems of singularities of constraints 

initiating the progression of the crack. It is well understood 

that the progression of the crack depends on the way in 

which the constraints decreased in the vicinity immediate 

of the singularity. The problem consists, in this case, 

studying the behavior of the crack locally. This local study 

is more significant as the parameters influencing in the 

mechanisms of rupture can be determined in the methods 

of composition and development of heterogeneous 

materials.  This work is devoted to study the decoherence 

of the interface (matrix fibre) in a heterogeneous material 

in which we analyze the evolution of separation [13, 16, 

21, 23].  Also we note good performance of the composite 

materials depends on a good adhesion at the interface, 

between fibre and matrix. In addition, it gives us the 

opportunity to present a numerical technique using the 

integral equations of borders and to show its performances 

compared to the finite element method.  

2. Method of the Equations of Borders  

While placing oneself within the framework of linear 

elasticity, we considers a medium Ω made up of  n under - 

field  Ωi  
, presumed homogeneous. Each under - field can 

be delimited by one or several contours Гi  
, as in the case 

of under field Ω3  
of  (fig. 1).  

 

The basic idea around which the method of the equations 

of borders articulated is to be able to associate integrals of 

borders integrals of volumes [ 5, 6, 7,19, 25 ]. 
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Fig. 1  Geometry of the heterogeneous structure. 

we bases oneself on the theorem of reciprocal work of 

Betti who stipulates that in the same elastic system, the 

work of the forces external of a state of equilibrium 

defined by ftu ,, in the field of displacements of a 

second state of equilibrium defined by
∗∗∗ ftu ,,    is 

equal to the work of the forces external of the second state 

of equilibrium  in the field of displacements of the first 

state of equilibrium. 

The translation of this theorem is thus written: 

0)..()..(
****

=Γ−+− ∫∫ ΓΩ
dututdVufuf

         

(1)
 
                                                                                                                             

   ftu ,, are the fields of displacements, surface stresses 

and forces of volume of the first state of equilibrium.  

  
∗∗∗ ftu ,, fields of displacements, surface stresses and 

forces of volume of the second state of equilibrium. 

Ω the field occupied by the springy medium and  Г its 

contour.  

By choosing for the first real state the real fields ftu ,,  

and for the second state displacements 
∗

u  and tensions 
∗

t corresponding, in an infinite medium, with a unit force 

1. 
∗

e  and by introducing the function of influence of 

Green [ 8 ] to translate the influence of a unit force applied 

into a point P to displacements of another point Q : 

)(),()( QeQPUPu jiji = ( ijU the tensor of Grenn 

represents)                                  (2)                                                                                  

The relation (1) translating the theorem of Betti is written, 

then: 

∫

∫
−

=−

Γ
iij

*

jiij

Ω

*

jiijiij

(Q)dΓQ)t(P,U)(P)eQ)u(P,(T

)dV(Q)(P)eQ)uδ(P,δ(Q)Q)f(P,(U

    
(3)                                        

In this relation ),( QPδ  the symbol of Dirac represents: 

   0),( =QPδ                if  P ≠  Q  

  1),( =QPδ                   if  P = Q 

 ∫
∞=Ω

=1),( dVQPδ
 

Thus, by neglecting the forces of volume, the identity of 

Somigliana makes it possible to show that the fields of 

displacements u  and constraints σ  in a point P interior 

with the field Ω  are expressed according to the integral 

utilizing the fields of displacements u and tensions t on 

contour Γ: 

∫Γ Γ−= dQuQPTQtQPUPu jijjiji ))().,()().,(()(
 
   (4.a)

 
                            

∫Γ Γ−= dQuQPFQtQPDP kijkkijkij ))().,()().,(()(σ           (4.b)                                                                                   
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where Г can be consisted of the meeting of several 

contours Гi 
and ijU  

 ijT , ijkD
 
and ijkF

 
are known 

matrices. While being interested in the point of cracking, 

we makes tighten the point P  towards the border Γ, as in 

(fig.  2). 

 We shows [ 9 ]: 

0)().,(lim
0

=Γ∫Γ→
dQtQPU jij

r                                   
(5.a)                                                                                                                                                                 

)()().,(lim
0

PudQtQPT jijjij
r

α=Γ∫Γ→                     
(5.b)                                                                                                                                 

ijα represent the components given explicitly according to 

the angles of the border meadows of the crack. 

 

ε

Γ

Γ r

P
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Fig. 2  point  P in the vicinity of the crack. 

 Implementation the numerical requires the use of the 

functions of forms in an intrinsic frame of reference 

ξ ( 10 ≤≤ ξ ), independently for the fields of 

displacements and tensions at the borders. Consequently, 

we  associates each node n of each element e  two 

unknown factors in displacements u  and or tensions t . 

Thus, by using the numerical techniques of integrations, 

we leads to the system of equations: 

 

[ ]{ } [ ]{ }tBuA =                                     (6) 

 

with : 

∫=
1

0

).().()).(,()( ξξξξ dNJsPTPA
ne

ij

ne

ij

            

(7.a) 

∫=
1

0

).().()).(,()( ξξξξ dNJsPUPB
ne

ij

ne

ij

         

(7.b)                                                                                                                                          

The calculation of the integrals is accompanied by certain 

difficulties related to the presence of the singularities in the 

expressions of u  and t . It should be noted that the 

continuity of the tensions is not ensured at the time of the 

passage of an element another and there can be unfolding 

of tensions in the singular points. Moreover, the matrices 
  

[A]
 
and [B] 

 
are not symmetrical and the matrix [B]

 
is not 

necessarily square. 

By locating the terms of displacements and tensions known 

and by taking account of the possible unfolding of 

tensions, we can overcome his difficulties and we writes 

the final system of linear equations to solve:  

  [L] {X} =  {X} 
 
 
    

     where the matrix  [L]
  

is square and the vector {X} 
 
and 

composed of the tensions and unknown factors 

displacements of the problem 

 

 3.  Application  
 

The exposed results relate to the modelling of the 

separation of a circular heterogeneity of form and small 

size in front of that of the matrix (fig. 3). 

 

It is supposed that part of the interface between this 

heterogeneity and the matrix is not perfectly adherent so 

that the crack forms an arc of angle equal to 2α (with α= 

45. This crack represents beginning of cohesiveness  in 

fibre and the matrix. 

 

(Fig. 4) Represents two different grids. The first grid is 

useful for the implementation of the method of the integral 

equations of borders. Count with the second grid, it 

necessary to calculations by the finite element method.  

 

( Fig. 5) Presents a confrontation of the results relating to 

the displacements, obtained by the two methods, in the 

vicinity of the point of crack. On the other  hand, we note a 

good agreement between the two methods. In addition, we 

immediately note the advantage of the method of the 

integral equations of borders compared to that of the finite 

elements.   

 

This advantage is at the level of the grid and its tiresome 

character, at the time of the implementation of the finite 

element method. Indeed, the refinement of the finite 

elements in the vicinity of the point of crack posed to us 

considerable problems when designing grid . 

 

However, it is noted that the implementation of the method 

of the integral equations of borders requires a detailed 

attention when it is a question of overcoming the 

difficulties related to the presence of the singularities in the 

expressions of the fields of displacements and tensions, as 

well as the elimination of the unfolding of the tensions at 

the singular points.  

The examination of the nodes of the grid, of the method of 

the integral equations of borders, to locate the unfolding of 

the tensions required the introduction into the software of a 
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module having for role the elimination of the useless points 

and the transformation of the matrices [A] and [B] 

nonsquare , in order to lead to a linear final system that we 

fear of solving by the traditional method of Gauss . 

 

The interest that we carried to the comparison of the 

displacements obtained by the two methods has as an aim 

the validation of our results, in order to go up with the 

constraints meadows of the point of crack and to be able to 

calculate the stress intensity factors. 

 

 These factors will be defined like reference mark of 

evaluation of the rupture of material. We noted that the 

examination on a small scale of the deformation at a peak 

of crack shows the high degree of accuracy which the grid 

by elements of border allows, compared with the grid by 

finite elements which requires using elements of more 

reduced size. 

 

This justifies the use of the results obtained by elements of 

borders in the evaluation of the stress intensity factors. In 

addition, the use of the factors of constraints as rupture 

locates comes owing to the fact that we cannot reason by 

the constraints, because these last become very high, and 

even infinite, when r tends towards zero. Indeed, the 

determination of the stress intensity factors 
IK  and 

IIK characteristic of the singularity are well-known 

analytically, in the case of a crack in arc of circle in a 

homogeneous material [10, 11, 15,17, 18, 22]. 

 

The latter can be deduced by approximating the constraints 

and displacements in the vicinity of the lips from the crack, 

by using the polar, local reference mark governed by the 

ray r and the angle θ   (r indicates the distance between 

the point of calculation and the point of crack).  

σ
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Fig. 3  Localization of the separated part of the interface enters 

heterogeneity and the matrix. 

 

(a)  

 

(b)   
 

Fig.  4 (a)   Grid of the integral equations -  (b) Grid of the finite 

elements. 
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(a)     

 

 

(b)           

 
Fig.  5   Displacements resulting from the integral equations (a) and 

Finite element (b).  

 

( Fig. 6 ) shows the evolution of the stress intensity factors 

according to the angle of the crack . The results obtained 

by the numerical method of the integral of borders, 

compared with the analytical results show a satisfactory 

precision. We note that the use of the finite element 

method does not have enabled to reach this precision, for 

reasons related to the refinement of the grid, as we 

announced.  
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Fig.  6   Evolution of the stress intensity factors according to the angle of 

cracking θ (Unit mMPa  ).  

 

4.  Conclusion 
The results of this study are very satisfactory, as well on 

the level of the validation of the formulations as on the 

level of the numerical programming by finite elements or 

the integral equations at the borders. However, the 

importance of this work finds its interest in possible 

cracking’s which we often meet in the finished products of 

the composite structures . We stuck, during this work, to 

some extent to validate calculations resulting from the 

software finite elements, which we developed within our 

laboratory. Lastly, this work is integrated in a study in 

which we are interested in the localization zones of 

decoherence (fibre - matrix) which can, as we have just 

presented it, easily be analyzed by the techniques of the 

integral equations of borders and of shown the 

performances of this method in calculation of the rupture .  
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