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Abstract - In this paper, we present a generalization of our
original secure quantum information exchange (SQIE) protocol
[J. Phys. B: At. Mol. Opt. Phys. 44 (2011) 115504], for the secure
exchange of two single qudit (an arbitrary d-level system)
information states between the two legitimate users, Alice and
Bob. Further we extend this result from single qudit to multi-
qudits to obtain the secure exchange of the information states
involving arbitrary number of qudits.
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1. Introduction

Quantum teleportation (QT), first introduced by Bennett et
al [1], is one way quantum communication between two
users, Alice and Bob, in which an unknown information
state is transferred from Alice (sender) to Bob (receiver)
without physically sending it. After introduction of the
idea of QT, a number of theoretical studies [2-3] on QT
have been done. Also several experiments [4-6]
demonstrating QT have been done. In some studies on QT
[7-9], a third party is included between the two users,
Alice and Bob. This third party controls the whole process
of QT with Alice due to which the security of QT
increases. Thus, this process is termed as controlled QT.

Many authors extended the original scheme of QT to
teleport arbitrary 2-qubit information state [10-12] and
further, to teleport arbitrary n-qubit information state [11,
13-16]. Arbitrary 2-qubit information state can be
teleported using generalized Bell states, which are tensor
products of two standard bipartite Bell states [11], while
arbitrary n-qubit information state can be teleported using
generalized Bell states of 2nr-qubits, which are tensor
product of n-standard bi-partite Bell states [11, 13]. To
increase the security of these QT schemes, some authors
[15-16] proposed the controlled QT of unknown
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information states of multi-qubits by introducing a third
observer or a number of observers between two legitimate
observers, Alice and Bob. In all the above studies on QT
are based on qubits, i.e., two level systems. For the
systems of arbitrary d-levels (qudits), many authors have
extended the above studies on QT and presented the QT
schemes to teleport single qudit information states [17, 18]
and also to teleport arbitrary n-qudit information states
[19]. Further, some authors have proposed the controlled
QT of information states involving multi qudits [20-25].
The aim of above studies on QT is to send unknown
information states from Alice to Bob, i.e.,, one way
quantum communication. In a very recent paper [26], the
authors presented a new idea called secure quantum
information exchange (SQIE) that allows two-way
quantum communication between Alice and Bob. Initially,
if each of Alice and Bob has single qubit information state,
the SQIE protocol gives the simultaneous exchange of
information states from Alice to Bob and Bob to Alice via
a special kind of six-qubit entangled (SSE) state and a
third party, Charlie. This protocol has the security that
either both, Alice and Bob successfully exchange their
information states or in case of failure of this exchange
process, no-one among them gets correct information
states. For experimental realization of this protocol, the
authors proposed an efficient scheme to generate the SSE
states using interaction between A-type three-level atoms
and optical coherent fields.

Further, the authors [27] generalized their original SQIE
protocol to accomplish the secure exchange of the
information states involving multi-qubits. For this purpose,
they have generalized the SSE states. Another interesting
point about original SQIE is the security of this protocol.
The authors [27] have discussed the security of original
and generalized SQIE protocols against the number of
qubits with the controller, Charlie. They have concluded
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that unity is the upper bound for insecurity in the quantum
network in the original SQIE process, while one-sixteenth
is the lower bound for insecurity in the quantum network
in the original SQIE process. For generalized SQIE
protocol, if Alice and Bob has to send m and n qubit states
respectively, 27" is the lower bound for insecurity in
the quantum network.

In the real world, there may need of exchanging a large
amount of information encoded in single qudit and also in
multi qudit states. For this, in this paper, we extend the
SQIE protocol from qubits to qudits to attain the secure
exchange of information states encoded in single qudit and
also in multi qudits.

2. Generalization of SQIE Protocol for Two
Unknown Single Qudit Information States

In this section, we extend the original idea of SQIE for
secure exchange of two unknown single qubit states to
secure exchange of two unknown single qudit states
between Alice and Bob. Let Alice want to send single
qudit information state,

I
|€), =lao|0)+a)|1) + (1)
to Bob and Bob want to send single qudit information
state,

|17>j3 =[by|0) +By| 1) +..cooeve +byy|d )

to Alice. This information exchange process must have
security that both, Alice and Bob, get their required
information states. In case of failure of this, none of them

............ +ad_1|d

get the required information state. Here, |0>,|1>,

are orthogonal d-states in the computational basis of a d-
level quantum system (qudit). Superscripts I refer to
information states.

To complete this task, we generalize here the original
special kind of six-qubit entangled (SSE) states [11] to
special kind of six-qudit entangled states, which can be
written as

|V/>A1,Bl By, A, Cl Cz
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where the states {| E>

entangled states of two qudits and can written as
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For u, v=0, 1, ......... d-1, both {| )(””) } and {| )W

form complete sets of orthogonal d*-states in d -
dimensional Hilbert space, [@®v=(/+v)modd. The

states {| ¢>(CMIV)C }
belonging to the computational basis |00>,|01>,|02>,

are different d*-orthogonal states

(|d —1) ®|d - 1)) . The states given by equation (3) form a

set of d?! states.
Considering one state of the states given by equation (3) as
entangled state,

|VI>A1 B\.B,y,A,, c1 C,

LS ), el
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we can write the 1n1t1a1 state of composite system as
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Here, qudits in modes A;, A, are with Alice, qudits in
modes B, B, are with Bob, while qudits in modes C;, C,
are with Charlie.

From Appendix A, we have

& ele, =4 S |E>

16,1
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where U’s are unitary operations given by
u™ zdz_:lez””“/d|l@v><l|, (10)
for u, v =0, 1, ....... d-1. Using equations (8) and (9),

equation (7) can be written as
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(1)
From equation (11), it is clear that if Alice and Bob
perform 2-qudit Bell state measurement (BSM) on their
two qudits in modes A, A, and B, B, and convey their BSM

results (’s”) and (#’s”) to Charlie through classical
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channels respectively, then Charlie measures his two
qudits in modes C;, C, in the computational basis

{|00),|01),|02), -1)®|d-1))} and, depending
on his own measurement result uv and BSM results

received, Charlie transmits classical information to each of
Alice and Bob. Now according to the classical information

.........

received from Charlie, Alice performs unitary
transformation (U /(4“7”) u X *2)")" on her qudit in modes A,
and Bob performs unitary transformation

Uy (“V) Uy (r s )) )" on her qudit in modes B, in order to get

the exact repllcas of the required quantum information
states. This completes the SQIE process.

Also if any of Alice and Bob withholds the classical
information from Charlie, then Charlie cancels the
exchange process and none of Alice and Bob gets correct
information state.

3. Secure Quantum Information Exchange of
the Information States Involving Arbitrary
Number of Qudits

In this section, we generalize the result of Section 2 to get
the secure exchange of information states of arbitrary
number of qudits between Alice and Bob. Let Alice
require to send arbitrary m-qudit information state in
modes {A}=(4,4;,.....4,,),

|§> A}—[a0| >+a1| >+a2|2>+
to Bob and Bob require to send arbitrary n-qudit
information state in modes {B}=(B,,B,......B,),

|17>{IB}:[b0‘5>+b1‘T>+b2‘§>+ ............. +bN‘ﬁ>]{B},(l3)
to Alice. The security of this process is similar to the SQIE
M=d" -1,

B 1)
),

protocol discussed in Section 2. Here,

N=d" -1 and ‘(~)>,‘I>,‘

d™ (d")-dimensional Hilbert space.

To complete this task, we need to generalize the special
kind of six-qudit entangled states given by equation (3). If
we take p =max{m,n}, then we give 2p-qudits to Charlie

and 2p-qudits of Charlie requires d” terms in the
generalized state. Now we consider the d-dimensional
generalized Bell states (d-GBS) of 2m and 2n-qudits. For
d-GBS of 2m-qudits encoded in the modes
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{A}=(A,A],....,A)) and {B’}=(B|,B5,.....B,), one can
have @*" d-GBS in which one of the states can be

expressed as
M, . ~
£ @lF)
,é)‘ (A (B}

|E)on
{A}{B}

In order to complete the set of d*" d-GBS, we can consider

a set of d°" unitary operations acting on modes {B’} in

=7 (14)

this state, given by
U(g‘;) = (U(ulvl)) ® (U(Hz"z)) ®
for (u,v)=0, 1,2, .....,

equivalents of d-dimensional numbers (ujuj......u,,) and

......... ®Wg),  (15)

M. Here v’ and v are decimal

(v{v5.....v,) respectively and each of u,, and v, takes

values 0, 1, 2, ...., (d-1). Each unitary operation U l(;f;fv/“) is
given by equation (10) and

(u'v ) (v’ (00)
)i = Uiy NE) gy g (16)

Similarly, the d-GBS of 2n-qudits encoded in the modes

{B"}=(B/,B},.....,B,) and {A"}=(A],A],..,A)), for
w’,v")=0, 1, 2, ...., N, can be written as
wvy 1 (u V) (00>
|E)aey 15 = 0 [y
(17)
- (u v) ®"]€>
)Z‘ > (B”
where
Ut = (U(”‘”‘))®(U(”2”2))® ......... ®(Ug:,5”5>), (18)

each unitary operation U 1(9”a @ s given by equation (10)

” ”
for u,,v,=0,1,2,....,

equivalents of d-dimensional numbers (uju......u,) and

(d-1) and u” and v are decimal

” ” .
(v V....v, ) respectively.

We have only @®" and @ d-GBS of 2m and 2n qudits
respectively and only one of these two families gives a
family of d* states. If m>n, d*" = d* but d" becomes
smaller than d% and if n>m, " = d* but d*" becomes
smaller than 4% This problem can be avoided by repeating
the members of smaller family of states till & states are
obtained. Thus if indices u and v takes values O, 1, .....,

d? -1, we can define indices u =u (modd™),
vV'=v(modd™), u”=u (mod d") and v'=v (mod d")
and write the d-GBS,

(uv) _ v (MV) (™"
|E>A}B} |E>A}B}and|E> |E> A}

The entangled state correspondlng to specml kmd of six-
qudit entangled state (3) can be written as
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- (19)
, ®|E>{B,},{A”

1 ar-l (uv)
:_p[ué()'@m'},w}
where modes {C}=(C,,C,,...
different

@lo)e]

2Cyp) and {|g)
d”-states  belonging the
|B)}, p=d* -1 in

d* -dimensional Hilbert space. Superscript E refers to
entangled state.

Using equations (12), (13) and (19), the initial state of
composite system can be written as

arc

orthogonal to

computational basis {‘ (~)>,‘ I>,

|l//>{A},{A'},{B'},{B”},{A”},{C},{B}

:|§>{1A} ®|'/’>EA’} (B'}.{B"}.{A"},(C }®|77>f3}

[ z ) @IEN )

®( E)””) ey @l ) @10
The qudits in modes {A},{A’},{A”} belong to Alice,
qudits in modes {B},{B’},{B”} belong to Bob and qudits
in modes {C} belong to Charlie.
B,

and |E>§2€’)},{A o)

(20)

From Appendix find that the

)
|§>{1A} ® | E>§:v’},{3’}

(20), can be rewritten as
1 (uv)
|§>{A} ®|E>{A’},{B’}

we states,

®| 77> )’ in equation

1 M (r’s") 2D
:d_m Z |E>{A},{A} 181 \Yim) >{B}’
r’,s'=0
(uv) 1
|E>{B’},{A”} ®|77>{B}
% |E>(r”s') ®U(uv) > (22)
A BB ) Uia) (ary
where the d-GBS |E>§:;/){A} and |E>{B} (g Are given by

equations (16) and (17) respectively, unitary operations
(uv) (uv) r’s") r’s”)

Uy Uiay» Uy’ and Uy

(15), (18), (5B.3) and (5B.6) respectively. Using equations

(21) and (22), equation (20) can be written as

V)i,

- L[y

m
dp uv() d

oL § (BT
L3 e

are given by equations

{AL(B}.{B"}.{A"}.{C}.{B}

z |E>“”

i)

1 (uv)
>(A”}}®|¢>(C} ]
(23)

”
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Now Alice performs 2m-qudit Bell state measurement
(BSM) on her qudits in modes {A},{A’} and Bob performs
2n-qudit BSM on his qudits in modes {B},{B"}, while
{C}
‘f’>} Alice and Bob,

both, convey their BSM results (rs") and (r’s”) to
Charlie through classical channels. Charlie, on the basis of
BSM results obtained by Alice and Bob and his own
measurement result, decides about the classical
information to be conveyed to each of Alice and Bob.
Depending on these classical information conveyed by
Charlie, Alice and Bob perform the required unitary
transformations on their qudits in modes {A”} and {B’}
respectively, in order to generate exact replicas of the
required quantum information states. From equation (23),
it is clear that if result of Charlie’s measurement is (uv),
then Alice performs unitary transformation

(v) (77 (N T
W wiA) Bob
transformation (U {(g\f}) U {(gv}) )')" on their particles for the
Bob’s BSM result (+"s”) and Alice’s BSM result (#s")
respectively.

Charlie measures his qudits in modes in the

.......

computational basis {‘ 6>,‘ I>,

and performs  unitary

4. Conclusion

We generalized the original SQIE protocol for the secure
exchange of two single qudit information states between
two users, Alice and Bob. We further generalized this
result from single qudit to multi-qudits to achieve the
secure exchange of the information states involving
arbitrary number of qudits.

In reference [27], we discussed the security of SQIE
protocol against the number of qubits with the controller,
Charlie. This consideration can be done for the above two
generalized SQIE protocols discussed in Sections 2 and 3.
For the SQIE protocol discussed in Section 2, if Alice and
Bob have to send two unknown single qudit states, the
number of possible quantum channels between Alice and

Bob is d*. Thus if Charlie gets / qudits, for [ < 4, the
probability for insecurity is d~' and for [ >4, itis d ™.
For the SQIE protocol discussed in Section 3, if Alice and

Bob have to send m and n qudit states respectively, then
the number of possible quantum channels between Alice

and Bob is d?™*" . Thus if Charlie gets [ qubits, for
[ < 2(m+n), the probability for insecurity is d~'
[>2(m+n), itis d 2"

and for
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Appendix A
The state |§> ®|E>(W) can be written as

), @), = Z 1By, el ey,

(A.1)
Since

(uv) 1 c S orinra
|E>A1,Bl =—[Ze |l>A1 ®|l@v>31]

\/Z =0
\/_U(“”) Z|l> ®|l>Bl],

where Ul(g’fv) is unitary operation given by equation (10).

Then equation (A.1) takes the form,

&), B, == [z T olE)

=0 j,k,1=0
rs ‘ . uv
G{e, @us™) (), elk), ®Ug»lk),)]
1 d-1 d-1 s)
:Z[ Z 2 a/|E>AA A
r’,s'=0j, k=0 (A2)

. st uv
(U k), ®UE 1)1

Since
st . st
w IO ) = CGilUE ™ (), =

Then equation (A.2) becomes

), >("”1=—[ Z Z alE)},

5, KO T5),,

14)s,]

:_[ z |E)

l"Y_

1é), 1.
(A3)

) we may write

B,.A, "’

Similarly, for the state |77>; ®|E>

using equation (A.3),

w 1 d-1 »or

eI, =20 S )l
(A4)

Appendix B

We write the state |§> o ®|E>§’;,,V}:){ 5y 8

v

1€ © BNy

(B.1)

M (r'’s’) (r'’s’) 1 (v’
= r,;=0|E>{A},{A,} <E| (| §>{A} ®|E>{A'},{B,}).

Using equations (15) and (16), equation (B.1) can be
written as
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|§>1 ®|E>(wvf) :L AZ/I: AZ/I: 0 U(“")|E>(r,‘{)
(A} {A}(B") o (B} (A).(A))

{{A}<Z‘®{A,}<Z‘(U;;;}o)-;—}

:L % % a; U(uv) >(r's')
B’ ,
a" r’,s’:()jk:o (8} {A},{A"}
IR )
{{A’}< {A} ) } e &Y
(B.2)

where
{(ZY})_(U(rlYl))®(U(r"Y"))® ......... ®(U(r Ym)) (B.3)

are the decimal conversions of d-
dimensional numbers (r7;.....r,,) and (s{s5.....s,

m
{A,}<7|(U{<2»;}»>)f‘/?>m ={B,}<}|(U{<;§v}'>)f‘/€>w}

(B'}< J >( B}
Then equation (B.2) becomes

)i ®|E>§;f}>{3,}

uv’) (r'’s”) (r’s" *|~>
dm ZOZ“ Ui |E)aiwy @V 1)
r’,s'=0 j=0

_ (r's") wv) /s
Z 0| E>{A},{A'} ®U{B’} (U{B }
r,s =

and  and

){B} (B.4)

(]
{B"},{A"}
directly using equation (B.4),

|EDae ®|'7>fg}

Similarly, for the state |E> ® |77>{IB} , one can write

. . Y (B.5)
:dL, 2. |E>§;}Y{)B} O ) e
where
U{(Zﬁ)_(UX?‘””"))(@(UX‘;”;))@ ......... ®(U;“;5”5>), b
Uiy = (Ug?fs:>)®(ugg5s5>)® ......... ®(UX;"’S;)). (B0
and r” and s” are the decimal forms of d-dimensional

numbers (175.....r;) and (s/s5.....5,) .
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